We consider an ensemble of indistinguishable quantum machines and show that quantum statistical effects can give rise to a genuine quantum enhancement of the collective thermodynamic performance. When multiple indistinguishable Bosonic work resources are coupled to an external system, the outcoupled work leads to an internal energy change of the system that exhibits an enhancement arising from permutation symmetry in the ensemble, and that is absent when the latter consists of distinguishable work resources. Introduction.-Technological advances have allowed us to miniaturize thermal machines to the nanoscale and beyond, where quantum effects can play an important role [1] . A paradigmatic instance of a thermal machine is a quantum heat engine (QHE). First conceived in the late 50s, a QHE is a quantum system that serves as the working fuel of a thermodynamic cycle [2] [3] [4] [5] [6] [7] . More recently, a synergy between technology and progress on the foundations of quantum thermodynamics [8] [9] [10] [11] [12] [13] has led to a surge of activity on the study of quantum machines [14] [15] [16] [17] [18] [19] [20] [21] [22] , consolidating it as an active area of research [23] . A prominent challenge in this context is the identification of situations where quantum effects govern and lead to an enhanced performance with no classical counterpart [19, [24] [25] [26] . One strategy to identify such situations is to consider thermal machines composed of multiple components [17, 24, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] described by collective quantum states with mutual coherence. In this setting, the enhancement requires either interaction among the components or the performance of collective unitary operations on the constituents. Alternatively, the natural process of extracting work from a QHE by outcoupling it to drive another quantum system [37, 38] or even the process of storing work in a quantum system [28, 34] can also lead to the manifestation of genuine quantum effects. In this letter, we identify a third route, in which quantum statistics leads to a genuine quantum enhancement of the performance as a result of the statistical indistinguishability of the constituent work resources. Specifically, we consider multiple work resources, each composed of a single QHE with an individual piston [20, 39] , coupled to a single external system and show that the internal energy change of the external system displays quantum enhancement when the QHEs are indistinguishable. We note that such setting is fundamentally different from a single QHE with a working fluid consisting of multiple particles [24, 27, 30, 36, [40] [41] [42] .
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Setup.-Consider N work resources (working entities) collectively denoted by R coupled to an external quantum system S on which the work is performed; see Fig. 1 . The global Hamiltonian of the whole system is the sum of that of the work resources, the external system, and the coupling C between them,
H(t) = H R (t) + H C (t) + H S ,
where the external system is assumed to be time independent. If the work resources are QHEs, H R (t) collectively represents the Hamiltonian for N engines and the two common baths. The coupling Hamiltonian H C takes the general form
where g C, l (t) is a time-dependent coupling constant, and
Schematic picture of the setup. Work w is transferred from multiple work resources collectively denoted by R to an external system S through the mutual coupling Hamiltonian H C . If the work resources are N quantum heat engines E 1 , E 2 , · · · , E N , all the engines and the heat baths collectively denoted by E and B, respectively, are included in R. and V S, l are operators of the lth work resource and of the external system, respectively. For simplicity, we consider the following special form
the extension to the general form (2) being straightforward. The work done by the work resources is evaluated by energy measurements on the external system S at the beginning and the end of the cycle at t = 0 and T , respectively [38] . For simplicity, we turn off the coupling g C (t) at t = 0 and T , and thus [H S , H(t)] = 0 at these moments in time. Consequently, measurements of the system energy H S at these two times do not affect the state of the work resources R. The external system is initially prepared in its ground state |0 S , and the initial state ρ 0 of the total system is ρ 0 = ρ R 0 ⊗|0 SS 0| with ρ R 0 being the initial state of the work resources.
Average of work by outcoupled work resources.-We consider the average of work w N done on the system S by the N work resources. In the rotating frame with respect to H 0 (t) ≡ H R (t) + H S , the propagator in the interaction picture is
where T is the time-ordering operator and H (I)
Regarding the coupling Hamiltonian H C in Eq. (3),
Setting the energy of the ground state |0 S of the system to be zero without loss of generality, the average work is given by w N = ∑ i =0 ε S i p i , where the probability p i for measuring the ith eigenvalue ε S i of H S as an outcome of the energy measurement at t = T reads
Here, Tr R [· · · ] is the trace over the Hilbert space of the work resources and |i S is the ith eigenvector of H S . To gain an analytical insight, we first resort to the weak coupling regime where T 0 g C (t) dt 1. In this limit, expanding the propagator to leading order as (4), the excitation probability of the system reduces to
. Quantum statistical enhancement.-To demonstrate the genuinely quantum mechanical advantage of indistinguishable bosons in comparison to indistinguishable fermions and distinguishable particles as the work resources, we consider N QHEs, each performing an Otto cycle with the two lowest internal energy levels of a bosonic atom prepared in its center of mass (COM) ground state as a working fluid. As sketched in Fig. 1 , the work resources R contain these engines, together with the hot and cold heat baths.
The four strokes of the Otto cycle are performed as follows: (0) Initial state.-In the absence of the coupling to the external system S, g C (0) = 0, all two-level atoms are prepared in thermal equilibrium with the common cold bath at inverse temperature β c . Thus the initial reduced density matrix
are the trace over the Hilbert space of the engines and that of the baths, respectively. The baths are assumed to be timeindependent and in the canonical state of H B throughout the cycle. (1) Isentropic compression.-From 0 < t < T /2, all the engines are decoupled from the baths, H EB = 0, and the level distance of all the two-level atoms are slowly increased in the same manner. (2) Hot isochore.-At t = T /2, setting g C = 0, all the two-level atoms are brought into weak contact with a common hot bath and thermalized at inverse temperature β h . At the end of this process, the state of the engine is given by
Isentropic expansion.-From T /2 < t < T , all engines are decoupled from the baths, H EB = 0, and the energy separation of each two-level atoms is decreased slowly in the same way. (4) Cold isochore.-At t = T , setting g C = 0, and all the two-level atoms are brought into contact with the common cold bath again and quickly return to the initial state.
First we focus on the case of indistinguishable atoms. We choose V R = 2S x in the coupling Hamiltonian (3)
with
, where a † and a are creation and annihilation operators of the ground-state atoms in the lowest COM level, and b † and b are those of the excited-state atoms, respectively. While we keep the external system general in this discussion, we note that if the external system is a harmonic oscillator (HO) and V S = c † + c with c † and c being creation and annihilation operators of the HO, Eq. (6) reduces to the standard dipole coupling between an ensemble of atoms and a single-mode HO. In order to compute the average work using the probability in Eq. (5), we now choose the following engine Hamiltonian
In our model of the Otto cycle, the baths are time-independent and couple to the engine degrees of freedom only during the hot and cold isochores. Thus the time evolution of the work resource R arises purely from the engine Hamiltonian (7). In order to account for this time evolution and estimate the work done in the compression and expansion strokes, we resort to an adiabatic approximation for the engine dynamics and write the propagator as
with φ (t,t 0 ) = t t 0 dt 2E t . Here, we denote by |m, θ t E the eigenstate of the instantaneous engine Hamiltonian H E (t) with eigenvalue 2E t m, where E t ≡ Ω(t) 2 + ∆ 2 . Further, θ t is defined by tan θ t = −Ω(t)/∆. The initial time is t 0 = 0 for the isentropic compression and t 0 = T /2 for the isentropic expansion strokes. With this adiabatic propagator, we can immediately obtain the autocorrelation function of the operator
where the expectation values are defined with respect to the thermal state of H E (t 0 ) at β t 0 . On the other hand, if t and t are separated by the thermalization process at t = T /2, for instance t < T /2 and t > T /2, the autocorrelation function takes the factorized form V (I)
Next, we examine the case in which all the atoms are distinguishable. In this case, the coupling Hamiltonian (6) reduces The coupling g C (t), to the external HO system of frequency ω = 2π × 0.05/T , is chosen with g = 0.5, δ t = 0.9, α = 2142/T , t on = (1 − δ t )T /4, and t off = t on + δ t T /2.
where σ j, x and σ j, z are the Pauli matrices of jth atom. Assuming adiabatic dynamics like in the indistinguishable case, we find the following autocorrelation function
and the average
allowing the calculation of the probability in Eq. (5) for the distinguishable case. We emphasize that in the distinguishable case, while taking the trace over the engine states, all the possible 2 N configurations of the atomic pseudo-spins have to be considered, while in the indistinguishable case the trace is taken over only N + 1 symmetrized eigenstates of S z . To clearly evidence that Bose statistics leads to a quantum advantage, we specialize the coupling protocol to the impulse form g C (t) = gδ (t − t 1 ), with 0 ≤ t 1 ≤ T /2. In this case the expressions for the probability (5) are simplified greatly and the average work equals
Thus, for the impulse form of the coupling, the average work for the indistinguishable and distinguishable cases differ by the value of the variance [V (I)
that can be evaluated from Eqs. (9) and (11) . Remarkably, we find that, in the indistinguishable case, this variance is larger than or equal to that of the distinguishable case for any values of the parameters
indist performed by N indistinguishable bosonic engines is always larger than the work w N dist done by the same number of distinguishable engines. The resulting enhancement can be quantified by the ratio E = w N indist / w N dist . In Fig. 2 (a) , we compare our analytical result for the enhancement E , for different values of θ t 1 and N, with numerical simulations for a specific choice of the system as a HO with frequency ω, i.e., H S = ωc † c and V S = c † + c in the coupling Hamiltonian (6) 
. We see this behavior in Fig. 2 (b) , where we plot w N / w 1 to bring out the quadratic scaling. We also note that for sufficiently large N, the N 2 scaling of [V Considering general coupling protocols g C (t), when ∆ = 0, we find that the autocorrelation V 
is factorized, and hence vanishes when t and t are separated by a thermalization step with the hot bath. This allows us to simplify (5) and write the probability of excitation of the driven system in the indistinguishable case as
and in the distinguishable case as
where the positive, coupling-protocol-dependent terms are determined by the amplitudes c
S (t)|0 S e ±iφ (t,t 0 ) . Comparing the terms in brackets in Eqs. (14) and (15), we have that p indist i ≥ p dist i . Thus, for ∆ = 0, our central result of the enhancement of work for indistinguishable bosonic engines still holds for arbitrary coupling protocols and external system Hamiltonians.
In order to widen the scope of our results we also consider engine strokes with ∆ = 0 as described in more detail in [44] . There, we find that the enhancement persists for small values of N independent of the form of the coupling and the external system Hamiltonian. The fact that the enhancement is guaranteed for small N most likely will be of particular relevance to experiments in the near future that will presumably implement with small N in most platforms. Furthermore, we demonstrate for a given choice of the Hamiltonian how to identify generic parameter regimes and coupling protocols that lead to enhancement. Lastly, we also extend our results to nonperturbative continuous coupling g C (t) (see [44] for the exact functional form) using numerical simulations for a HO external system. From Fig. 3 we see that for small values of N and moderate values of the coupling strength, there is enhancement and the average work for indistinguishable engines scales as N 2 . The fact that we are able to find enhancement for a generic set of parameters as in Fig. 3 without fine tuning the parameters suggests the general applicability of our result.
Finally, we briefly discuss the case in which each engine is made of an identical non-interacting two-level fermionic atom. In this case, w N displays a pronounced even-odd dependence with respect to N. At T COM = 0, w N = 0 for even N, and w N = w 1 for odd N. This is because the atoms inside the Fermi sphere, in which both the ground and excited internal levels are fully occupied, cannot contribute to work because of the Pauli blocking: In the case of odd N, there is one fermion on the top of the Fermi surface, and this is the only atom which can change the internal states in the engine operation. By contrast, there is no such atom for even N. At nonzero T COM , w N takes non-trivial values due to the contribution of atoms near the Fermi surface, where the COM levels are only partially occupied. In the regime where T COM is much smaller than the energy difference ω trap between the highest occupied and lowest unoccupied trap levels, the ratio λ ≡ w N / w 1 for an arbitrary trap in general can be well characterized by only β COM ω trap . Symbols in Fig. 4 show λ numerically calculated for multiple fermionic engines in the Otto cycle for several values of N. In this example, we assume that atoms are trapped in a HO potential with frequency ω trap . Another HO with frequency ω is taken as an external system S. This numerical result is well fitted by [44] 
At higher COM temperatures T COM for which β COM ω trap 1, the work w N depends on details of the system such as the spectrum of the COM degrees of freedom determined by the shape of the trapping potential and the Fermi energy. A detailed study of this dependence is beyond the scope of the present work and will be taken up in the future.
In conclusion, we have demonstrated that the statistical indistinguishability of work resources can be exploited to gain a genuine quantum-enhancement in quantum thermodynamics. The predicted enhancement of the work outcoupled from multiple indistinguishable heat engines to a generic external system is readily testable with current or near future experimental realizations of quantum heat engines, e.g, in nitrogen-vacancy centers [17] , trapped ions [49] and ultracold gases. While we have considered bosonic and fermionic statistics, exotic fractional statistics [36, 50] may lead to further interesting results. 
Supplemental Material
Impulse-type coupling between the engines and the system
The average work with impulse type coupling at time t 1 (assuming 0 ≤ t 1 ≤ T /2) is discussed in the main manuscript, see Eq. (13). This discussion carries over to the case T /2 ≤ t 1 ≤ T up to the fact that the variance have to be taken with respect to the work resource state ρ R T /2 and is given by
An important simplification arising from the impulse coupling becomes evident in the above equation: the average work is a product of a term that depends only on the engine or work-resource operators and a term that contains the system operators alone. The engine-dependent quantity is the second moment of the coupling [V (I)
, and it can be obtained using the general expression for the two-time correlators V (I)
provided in Eqs. (9) and (11) of the main paper as
for the indistinguishable case and as
for the distinguishable case. Here, we have introduced the function f (N, β c E 0 ) = m 2 to denote
Now, using the inequalities
we compare the coefficients of the sin 2 θ t 1 and cos 2 θ t 1 terms in Eqs. (S2) and (S3). It follows that the second moment
, and thus the average work as well, are larger for the indistinguishable case, as we stated in the main text. Let us now consider ∆ = 0 (i.e., cos θ t 1 = 0) and examine the scaling of the average work with N. To this end, note from Eq. (S1) that it is sufficient to examine the scaling of the second moment with N. Nonetheless, to make the comparison with numerical solutions as in Fig. 2(b) of the main paper, we note that when the external system is chosen as a harmonic oscillator with frequency ω, one finds S i|V (I) S (t)|0 S = e iωt δ i,1 and the average work (S1) becomes
Turning our attention to the second moment for the distinguishable case, we first see that [V 
that yields
and scales linearly with N with a slope coth(β c E 0 ) ≥ 1, as stated in the main paper. This term is thus larger in the indistinguishable case than in the distinguishable counterpart and is responsible of the quantum statistical enhancement of the average work.
In the other extreme with N = 1, since f (N = 1, β c E 0 ) = 1/4, the second moment in the indistinguishable and distinguishable cases are both equal to 1, as expected. For Nβ c Ω(0) ∼ 1 or less we have, [V (I)
. Therefore, w N shows N 2 scaling for moderate values of N with Nβ c Ω(0) 1 for the indistinguishable case and is larger than the distinguishable case which scales linearly with N.
General coupling between the engines and the system For a general continuous coupling, the probability of exciting the ith eigenstate of the system reads
Using the two-time correlators and one-time averages stated in the main manuscript (see Eqs. (9)- (12) there), the excitation probability for the case of many indistinguishable and distinguishable engines can be respectively written as
Here, the coupling-protocol-and engine-state-dependent amplitudes are given bỹ
and generalize the expressions presented in the main paper. The function h(N, x), similar to the function f (N, x) defined in Eq. (S4), is also given by a moment of the partition function as
In Eqs. (S11) and (S12), the common protocol-dependent, and N-, β t 0 -independent parts of the first three terms given by |d i (t 0 )| 2 and |c ± i (t 0 )| 2 are positive but the third term (on the second line of the equations) proportional to
is not necessarily positive. As discussed in the main paper, for ∆ = 0, cos θ t = 0 at all t and the non-positive term vanishes. In this case, one can directly compare the probabilities for the indistinguishable and distinguishable cases in Eqs. (S11) and (S12), by examining the relative size of the N-and β t 0 -dependent factors. To this end, we use the following relation that holds for any N > 1 and x > 0: Here, the expressions (S11) and (S12) are used to calculate the average work in the indistinguishable and distinguishable case. The main features are in agreement with the analytical arguments above, namely, enhancement is present at small N independent of other parameter choice (for all the parameter space region explored). Further, regions with no enhancement appear for ωT > π at large enough N. Such regions also shrink and vanish as ∆/Ω(0) → 0.
Multiple fermionic engines trapped in a harmonic oscillator potential
For indistinguishable fermionic engines trapped in a HO potential, the ratio λ ≡ w N / w 1 at nonzero temperature T COM of the center of mass (COM) degrees of freedom is discussed in the main paper. The numerical result of the outcoupled work for the Otto cycle is well fitted by the analytical formula given by Eq. (16) in the main text. This formula can be obtained by considering isolated engines without coupling to an external system as we show below.
The Hamiltonian H E (t) of the engines consists of that of the COM degrees of freedom H COM and that of the internal degrees
